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Abstract 

The classic Schneider-Lang theorem in transcendence theory asserts 
that there are only finitely many points at which algebraically indepen- 
dent complex meromorphic functions of finite order of growth can simul- 
taneously take values in a number field, when satisfying a polynomial 
differential equation with coefficients in this given number field. In this 
article, we are interested in generalizing this theorem in two directions. 
First, instead of considering meromorphic functions on C we consider 
holomorphic maps on an affine curve over the field C or C p . This ex- 
tends a statement of D. Bertrand which applies to meromorphic functions 
on P 1 (C) or P 1 (C P ) minus a finite subset of points. Secondly, we deal 
with algebraic values taken by the functions, instead of rational values 
as in the classic setting, inspired by a work of D. Bertrand. We prove a 
geometric statement extending those two results, using the slopes method, 
written in the language of Arakelov geometry. In the complex case, we 
recover a special case of a result by C. Gasbarri. 

Introduction 

Let fi , . . . , /„ be meromorphic functions on C and assume that at least two 
of these functions are algebraically independent over Q. The Schneider-Lang 
theorem asserts that the set Wk of points at which the functions f\ , . . . , /„ 
simultaneously take values in a given number field K is finite, under two 
hypotheses. The first condition is that the functions satisfy a polynomial 
differential equation with coefficients in K\ in other words, the ring K[f%, . . . , /„] 
is stable under the derivation d/dz. The second one is that the functions 
fi, . . . , f n have a finite order of growth. We recall that an entire function / 
on C is said to be of order at most p, for a non-negative real number p, if there 
exist non-negative real numbers A, B such that, for all z £ C, 

\f(z)\<Ae B \*\ P . 

A meromorphic function on C is of order at most p if it can be written as the 
quotient of two holomorphic functions of order at most p. 
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We give here a generalization of this statement. Let if be a number field and 
let X be a projective variety defined over K. We show that there are only finitely 
many formal subschemes over K of dimension 1 of the formal completion of X 
at a if-rational point which satisfy two conditions. In the classic statement, the 
variety X would be P"(C) and the formal subschemes would be the germs of 
formal curves defined by f — (1, /i, • • • , f n ) at the points of J(Wk)- The first 
condition we impose will be called a-arithmeticity and generalizes the condition 
of differential equation, and the second condition will be called uniformization 
of finite order of the subschemes and generalizes the hypothesis of germs of 
curves parameterized by meromorphic function of finite order on C. 

Moreover, instead of considering formal subschemes based at if-rational 
points for a given number field K, we will consider formal subschemes based at 
any closed point of X. 

To establish our result about formal subschemes of dimension 1 at the 
algebraic points we will suppose that they satisfy an "Arakelovian" hypothesis: 
we will say that such a formal subscheme is a-arithmetic if the height of 
an evaluation morphism along this formal subscheme satisfies some upper 
bound (see Paragraph 2.1 for the definition of the evaluation morphisms, and 
Paragraph 2.3 for the definition of an a-arithmetic formal subscheme). The 
smaller the non-negative real parameter a is, the stronger the condition is. 

In the case of a polynomial differential equation, that is to say of an algebraic 
foliation, a germ of leaf at an algebraic point defines a 1-arithmctic formal 
subscheme (Lemmas 3.1 and 2.8). If moreover almost all p-curvatures of the 
foliation vanish, the formal subscheme is O-arithmetic. Proposition 3.6 asserts 
that if some density a £ [0, 1] of p-curvatures vanish, then the formal subschemes 
are (1 — a)-arithmetic. Theorem 6.1 is then a link between the classic theorem of 
Schneider-Lang and an algebraicity criterion for a formal leaf of a foliation whose 
almost all p-curvatures vanish, which is very close to a theorem of J.-B. Bost in 
[Bost, 2001]. It also generalizes an unpublished result of A. Thuillier. 

We also impose a condition of uniformization of order p of the formal sub- 
schemes at one place of the number field, which generalizes the hypothesis of 
having a curve parameterized by meromorphic functions of order p on the com- 
plex affine line. This condition is introduced in Paragraph 5.1 (Definition 5.4) 
and consists in the existence of a holomorphic map from an algebraic projective 
curve over C or C p minus a finite subset of points r £ T to X parameterizing 
the formal subschemes. For such a map we also define a notion of order of 
growth near the singularities r £ T, generalizing the notion of order of growth 
at infinity of a meromorphic function on C (Paragraph 5.1, Definition 5.1). 

Let us now state the main result (Theorem 6.1) of this article. 

Theorem. Let X be a projective variety defined over Q and let X\, . . . , x m be 
closed points of X . For all j £ {1, . . . , m}, denote Kj = Q(xj) the residue field 
of Xj and dj its degree over Q. Let a\, . . . , a m be non-negative real numbers. 
For every j £ {l,...,m}, let Vj be a smooth exj -arithmetic Kj-subscheme of 
dimension 1 of the formal completion X Xj of X at xj . Assume that the family of 
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formal subschemes {V\, . . . , V m ) admits a uniformization of order at most p 
at some finite or Archimedean place po of Q. Let r be the dimension of the 
Zariski closure of V = Uy=i Vj in X . 



Then, 

• either r > 1 and 



E 



! a j d j r - 1 



• or r — 1, that is to say Vi, . . . , V m are all algebraic. 

If the variety X is P"(C) and the formal subschemes Vj are parameterized 
by meromorphic functions on C of order at most p, we recover Theorem 1 
in [Bertrand, 1977], which is a generalization of the Schneider-Lang theorem 
dealing with the set of all points simultaneously mapped to algebraic points by 
the meromorphic functions. The set of such points is not always finite, but the 
theorem gives an inequality involving the degrees of the points. Theorem 6.1 also 
generalizes an other result of D. Bertrand, who proved in the article [Bertrand, 
1975] a Schneider-Lang theorem on the projective space P 1 minus a finite subset 
of points, in both the complex and p-adic cases. It also generalizes [Diamond, 
1980] and [Wakabayashi, 1987] in which I. Wakabayashi treats the case where 
the curve is uniformizcd by the complement of a finite set of points in a compact 
complex Ricmann surface. 

In the complex case, that is when the particular place vo is the Archimedean 
place, Theorem 6.1 is a particular case of a theorem of C. Gasbarri (Theo- 
rem 4.16 and Corollary 4.17 in [Gasbarri, 2010]), which holds for holomorphic 
functions on a parabolic curve, where parabolic is intended in the sense of Ahlfors 
classification for Riemann surfaces ([Ahlfors and Sario, I960]), every algebraic 
curve being parabolic. The order of growth of such a function is then defined 
by the Nevanlinna theory. It would be an interesting problem to extend The- 
orem 6.1 into a non-Archimedean analog of C. Gabsarri's result, which would 
require the definition and the study of parabolic analytic p-adic curves, for ex- 
ample in the framework of Berkovich spaces. 

We now go in the substance of this article. The proof of Theorem 6.1 makes 
use of the slopes method invented by J.-B. Bost, which requires the language 
of Arakelov geometry. For more details about this method and some elements 
of Arakelov geometry we refer the reader to [Bost, 1996; Chambert-Loir, 2002; 
Bost, 2001; Chen, 2006; Bost, 2006; Viada, 2001, 2005]. We fix an ample line 
bundle L on X and the evaluation morphism ip k ^ ~ maps a section of L® D 

which vanishes with order rik along Vj to the n^+i-th "Taylor coefficient" of its 
restriction to Vj . 

The sections of L D are filtered by their order of vanishing along the formal 
subschemes V\ , . . . , V m . At one step of the filtration, we do not require the 
same order of vanishing along the different formal subschemes. The "derivation 
speed" along one formal subscheme will be inversely proportional to the degree 
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of the corresponding algebraic point. As far as we know, such a filtration with 
different speeds had not been used before, and it could hopefully have other 
applications to others settings. 

A slopes inequality reflects the fact that the formal subschemes are Zariski 
dense in A. It involves the heights of the evaluation morphisms, and the 
conclusion of the proof of the main theorem follows from this very general 
slopes inequality combined with upper bounds of the heights coming from the 
two hypothesis made on the formal subschemes. 

Our text is organized as follows. In the first section, we define the notion 
of a-analytic formal subscheme. This notion concerns the size of the p-adic 
absolute values of series parameterizing the formal subscheme. It is the notion 
of LG-germ of type a in [Gasbarri, 2010], and it is stronger than the notion of 
a- arithmetic formal subscheme. In some sense, this condition follows the idea 
of Schneider in his initial statement, in which there was no condition of global 
differential equation but arithmetic conditions on the Taylor coefficients of the 
functions at the particular points. In this paragraph we give some details and 
properties of this notion. 

Then, in Section 2 we define the evaluation morphisms along a formal 
subscheme and the notion of a-arithmetic formal subscheme (Definition 2.5), 
which is a condition on the heights of the evaluation morphisms. The definitions 
and properties we establish apply to formal subschemes of any dimension, even 
if we will only need the case of formal subschemes of dimension 1 in view of 
Theorem 6.1, because there is no additional difficulty and we intend to use formal 
subschemes of higher dimensions in prospective works (including [Hcrblot, 2012], 
in preparation). We show that the a-analyticity implies the a-arithmeticity, and 
give a counter-example to the converse. 

Section 3 is devoted to the case of formal subschemes which are the the 
germs of formal leaves of an algebraic foliation at closed points. In particular, 
this makes the link between the classical statement and ours. In this section, 
we will see that such a formal subscheme is usually 1-analytic but not better, 
whereas it can be a-analytic with a smaller than 1 under assumptions on the 
density of vanishing p-curvature of the foliation. In Section 4 we develop these 
notions of a-arithmeticity and a-analyticity for formal subschemes based at any 
closed point, non-necessarily rational, and define evaluation morphisms in that 
case, which had not been done before. 

Paragraphs 5.1 and 5.2 are devoted to the definitions of uniformization and 
of order of growth of a holomorphic map on an affinc curve. 

The proof of Theorem 6.1 consists in showing that the heights of the 
evaluation morphisms associated to the formal subschemes satisfy some upper 
bounds (Proposition 6.6). More precisely, the needed upper bound is the 
combination of two different upper bounds with different origins: one comes 
from the condition that the formal subschemes are a-arithmetic (Lemma 6.7), 
and the other uses the uniformization of order p of the family of formal 
subschemes at one place (Lemma 6.8). Like in the classic theorem, it is at this 
point of the proof that the analytic estimates, as a Schwarz lemma, appear. In 
the classic theorem, the estimation comes from the maximum principle applied 
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on a "big" disk. This "big" disk can also be seen as the complement of a small 
disk containing the point at infinity. This is the idea we will use here: we take 
off well-chosen small "disks" containing the points t G T. 

We introduce now some notation we will use in this text. 

Let K be a number field and Ok its ring of integers. Let Ejf be the set 
of places of K. They are of two types: the finite places corresponding to the 
maximal ideals of Ok and the Archimedean places corresponding to the [K : Q] 
cmbeddings of K in C. With each maximal ideal p of we associate a p- 
adic absolute value | • | p on Jf normalized in the following way: let CD be a 
uniformizing element, then 

|CD| p =JV(p)- 1 , 

where N(p) is the norm of the ideal p, that is to say the cardinality of Ofc/p. If K p 
denotes the completion of K for this absolute value and p the prime number 
such that (p) = p n Z, we have 

\ p \ p=p -[K p : Qp ]_ (Q1) 

Every embedding a : K <—t C defines an absolute value on if by \x\ a := |cr(x)|, 
where | • | is the usual absolute value on C. 

Let x G K \ {0}. With this normalizations, the product formula is: 

n Hp n n- =i - (°- 2 ) 

peSpoc m ok a:K^C 



1 a-analytic formal subschemes 

This notion of a-analytic formal subscheme is due to C. Gasbarri; it is called 
LG-germ of type a in his article [Gasbarri, 2010]. We give here some details 
about this condition. 

Let K be a number field. If A is a commutative unit ring, a n-tuplc 
of formal series / = (/i, ...,/„) in n variables with coefficients in A is 
invertible for the composition law if and only if /(0, ... ,0) = (0, ... ,0) and 
D f(0) G GL n (A). Hence the group of automorphisms Aut(A*^ ) of the formal 
completion of at can be identified to the n-tuples of formal series in n 
variables / = (/i, . . . , /„), fi G K[[Xi, X n }} such that /(0) = and 



Df(0) = 



G GL n (K). 



Definition 1.1. Let G an denote the subgroup of Aut(A^- ) of the formal 

automorphisms / = • • ■ , f n ) S Aut(A^- ) such that, for all i G {1, . . . , n}, 
the series f has a positive radius of convergence at each place of K . 



If I = (ii,...,i n ) is a multi-index, we define the factorial of I as I\ 

-r-rn 



i 'j- 
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Definition 1.2. For any a ^ 0, let G ar , !a be the subset of formal automorphisms 
f = (/i, . . . , /„) G G an , fi = X)/ fi.iX 1 , such that there exist a finite subset S 
of place of K, containing all Archimedean places, and a family (Cp) p ^s of real 
numbers such that 

Vp £ S, C p ^ 1 and ]^[ C p < oo, 

p?S 

and, for all p £ S, 

Wkih < ^ 



Lemma 1.3. Let a G R + and let f = (/i, . . . , /„) G G ani£l . Then there exists 
a finite subset S of finite places of K and a family (C p ) p ^5 of real number at 
least equal to 1 such that for every j G {1, . . . , to} the radius of convergence of 

/j is at least C p p p- 1 and 

/or ai/ r e [0, C p p p- 1 [, sup |/i(z)| p < C p r, 

|z| P sSr 

and _ 

][[ Cp < oo. 

Proof. Let j G {1, . . . , n} and let S 1 and (C p ) p ^g be as in the definition. Then 
/j has a radius of convergence at least equal to C p p p- 1 , and for all real 

_o[£ Ei Qpl 

numbers r < C p p p- 1 we have 

sup \fi(z)\ p max |/ 4 ,/| p rl 7 l ^ rC v max(C p rp di F^ £l )l / l- 1 < C p r. □ 

|z| p <r ' 1 

Let X be a projective algebraic variety of dimension n defined over a number 
field K and let P be a smooth iC-rational point of X . Let V be a smooth formal 
subscheme of dimension d of the formal completion Xp of X at P. 

Theorem 1.4. There is a unique way of associating with such a triple (X, V, P) 
a number a(X, V, P) in R + U {oo} such that: 

1. If (X,V,P) = (A™ ,V, (0, ...,0)), a(X,V,P) is the infimum in R + U 
{+00} of the a G R+ such that there exists f G G an , a such that f *V = A d . 
(If the set of such a 's is empty, a(X, V, P) = 00.) 

2. If X — > X' is a closed immersion, then a(X, V, P) = a(X', V, P). 

3. If there exist a triple (X',V',P') and a morphism X — > X' , etale at 
P, mapping P on P' and inducing an automorphism V ~ V , then 
a(X,V,P)=a(X',V>,P>). 
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Proof. We first show that Conditions 1, 2 and 3 determine a(X,V , P) for all 
(X, V, P). Let (X, V, P) be a triple, U an open subset of X containing P, and 
/ : U — > A K an etale morphism mapping P to 0. Then, if follows from point 3 
that a(U,V,P) = ot{A K , f*V , 0) which is well-defined because of 1. Since the 
inclusion (U,P) c — > (X, P) is etale, we get also a(X,V,P) = a(U,V,P) from 
point 3. 

Let / : U — > A^- be etale at P. We prove that a(A K , /»V, 0) does not 
depend on the choice of such an /. There is a model of U, of finite type 
over Spec Ok [4-], and an etale morphism <f>: — > A™ . t , whose restriction to 

the generic fiber is equal to / and such that the rational point P extends to a 
section 3? of the morphism °U —5- Speco^[^-]. 

> [/ 




Spec ok [j;] > Specif 

This etale morphism induces an isomorphism of formal subschemes $ : 
-> A^j^j Q (see for instance [Liu, 2002], 4.3.2. Prop 3.26). 

If / and g are two morphisms from U to A K etale at P, we can choose </> 
and 7 as above, defined over the same model . Then, formally inverting <fr, 
we have iof'e o K \^\\\X Xl . . . , X n ]] n . 




For every prime ideal p of containing no prime factor of N, the p-adic 
norm of the coefficients of g o f^ 1 is at most 1, and hence 

a(A K ,fS,0) = a(A n K ,gS,0). □ 

Definition 1.5. Let (X,V,P) be a triple as above, and let a be a non- 
negative real number. We will say that the formal subscheme V is a-analytic if 
a ^ a{X,V,P). 

2 a-arithmetic formal subschemes 
2.1 Evaluation morphisms 

Let X be a projective variety over K. Let P G X(K) and V be a smooth 
formal subscheme (of dimension d) of the formal completion Xp of X at P. For 
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all non-negative integers k, let (V) k denote the fc-th infinitesimal neighborhood 
of P in V. Hence we have 

{P} = (V)o, 

(v) k c (v) k+1 , 

V = lim(V) k . 

k 

Let L be an ample line bundle on X. For all non- negative integers D, k we 
define the following if -vector spaces and if -linear applications: 

E D =T{X,L® D ), 

VD :E D ^r(V,L D ) 
s s {9 , 

rt-.En^TUV^L ) 

s ^ s \(V) k - 

The vector spaces 

E% = kcr^ 1 = {s e T(X,L® D ) {s^^ = 0} 

define a descending filtration of Ed- 

The kernel of the restriction map from T((V) k ,L D ) to T{{V) k -i,L D ) is 

isomorphic to Sym (nkj (see [Viada, 2001], Paragraph 4.2.5 or [Viada, 

2005], Paragraph 2.2). Thus the map rj D restricted to E D induces linear map 

: E k D — ► Sym fc (fik) ® L D P , (2.1) 

which, roughly speaking, maps a section of L D vanishing at P with order k 
along V to the (&+l)-th "Taylor coefficient" of its restriction to V. By definition, 
the kernel of ip k ^ ~ is equal to E D +1 . 

2.2 Integral structures, Hermitian structures, heights 

Let 2£ be a projective model of X over Spec(0i<-), i.e. a projective scheme over 
Spec(Oft-) whose generic fiber 3£k is isomorphic to X. The rational point P 
extends to a section 9* of the morphism 7r : Jf — > Speco_R-. Let Jz? be a 
Hermitian line bundle on whose restriction L = Jzfx to X is ample. 

Set $r> — ,J?® D ). It is a projective Oif-modulc of finite type. Let tpV 
be the image of ^*^ 1 x/ 0K ^ tne ma P 
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The restriction to K of the projective Ok -module of finite type ipV is isomorphic 
to TpV v . Equipped with the dual metrics of the metrics || • \\ a on the C-vector 

spaces TpV ® 0K ,<y C, ipV is a Hermitian vector bundle IpV on Speco^-- Its 
symmetric powers naturally inherit a structure of O/f-Hcrmitian vector bundle; 
for all non-negative integers k, let || • ||o-,Sym,fe denote the norm on Sym (TpV) v 
associated with an embedding a of K in C. 

We also define a structure of Hermitian vector bundle over Speco^ on 
<§d := r(JT, Jzf®- ). It is a projective o^-module of finite type, and for all 
embedding u : K 4 C we define a metric on &p,^ a = Sp ® 0K , a C by 

INkoo := sup ||s(x)|k 

Following H. Chen [Huayi, 2009] and E. Gaudron [Gaudron, 2008] (Para- 
graph 4.2), let us consider the John norm, denoted by || • associated with 
the norm || • Ikoo- By definition, this norm is, among the Hermitian norms at 
least equal to || • Ikoo, the norm whose unit has a minimal volume. These norms 
can be compared in the following way: 

II ' Ikoo < II • \\a,J < VME D )\\ ■ Ikoo- (2.2) 

Equipped with these norms || • |k,/, $d has a structure of Hermitian vector 
bundle Sp over Speco^-- 

Definition 2.1. Let E, F be two Hermitian vector bundles on Speco^ and 
let ip be a non-zero K-linear map from Ek = E ® 0K K to Fk = F ®„ K K . 
Let v be a place of K . The height of tp at the place place v is the logarithm of 
the operator norm of ip extended to a linear map from E v to F v , where E v and 
F v are the completions of Ek and Fk at the place v : 

M^) = iog|MI« = iog( sup H^IS'A 



^e£_E„\{0} \\ e \\v J 

The height of ip is the sum of the heights of <p at every place of K : 

This definition of height is the usual definition in Arakelov theory. It will be 
useful to rewrite it in a slightly different way, so as to make the Archimedean 
and ultrametric places play more similar roles, as in [Chambert-Loir, 2010]. 

If p is a prime number, we denote by C p the completion of an algebraic 
closure of the field of p-adics Q p . We still denote by | • \ p the unique absolute 
value on Q p which extends the p-adic absolute value on Q. Then, with every 
embedding a p of K in C p we can associate an absolute value on K by setting, 
for x G K : 

M<x P = Wp(x)\p- 
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Denote by the field of complex numbers C and by | • |oo the usual absolute 
value on C m = C. Then, the Archimedean absolute values on K extending the 
usual absolute value on Q are the x i— > ^(a;)!^, for a : K C. 

Proposition 2.2. Let E and F be two OK-Hermitian vector bundles and let <p 
be a non-trivial K-linear map from Ek — E ® 0K K t° Fk = F ® 0K K. Then 

Hy) = E E Mv)> (2-4) 

where in the first sum the index p describes the union of the set of prime numbers 
and the singleton {00} . 

Proof. It follows from the definition of the heights and the normalization (0.1) 
we chose for the p-adic norm on K. □ 

Lemma 2.3. Let K be a number field, E,F two OK-Hermitian vector bundles 
and set Ek = E ® 0K K and Fx = F ® 0K K. Let ip : Ek — > Fk be a non-zero 
K-linear map. Let K' be a finite extension of K. Then, for every maximal 
ideal p ofox, we have 

L ^ J qeSpcc m o K ,, L ^ J 

q Ip 

Proof. Let K p be the completion of K for the p-adic absolute value. The map <p 
extends to a map K p -\ine&r we still denote by ip. Since F p is a ifp-vector space of 
finite dimension, there exists a positive integer n such that n<p maps E 0p in F 0p . 
There exist positive integers I and m, there exist a basis (ei, . . . , ee) of F 0p and 
integers a\,...,a m such that {a\e\, . . . , a m e m ) is a basis of Im(nv?|_E ). 
Then 

ll"Vllp = max |oi| p . 
Let q be a prime ideal of 0k< lying above p. Then 

\\rvp ® K K'\\q = max |aj| q = max \ai\ p £qfq = \\n(p\\ p eqfq , (2.5) 

where f q is the residue class degree of q over p, e q the ramification index and 
their product e q / q is equal to the local degree [K' q : K p \. Hence, 

E iogii^®K^'ii q = E : ^]iog ii^iip 

q£Spec m o K /, q£Spec m <>«•/, 

q|p q|p 

= \og\\p\\ p [K' : K]. □ 

Now we come back to the evaluation morphisms tp k ^ ~ defined by Formula (2.1). 
Denote by hj(ip) the height of (p k ^ ~ with respect to the John norms, that is to 
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say hj(<p k D ~) = J2 P log Wv^fh + Y^v.k^c 1o S llv* ^IU.j, where 

, k . K 9 {s)\\ a . 

*>nOkj= SU P 



We also define the height h(<p^ ~) obtained replacing the Hermitian norms 
on §D, a by the infinity norm, and keeping the same norms || • || CTj sym fc on 
Sym fc (nk) 



M< ? ) = E I °8ii<viif + E >°sii<?ikc 















IHI* 


oo 



where ~|| CT;OC = sup se£ fc ^ {0} 
From (2.2), we have 

M*>* < Ml?* (2-6) 
2.3 a-arithmetic formal subschemes 

Let X be a projective variety defined over a number field K, let P be a ir- 
rational point of X and let V be a smooth formal subscheme of Xp. Let L 
be an ample line bundle on X . For all couples of non-negative integers (k,D), 
denote by ip k ^ ~ the associated evaluation morphism: 



w k ~ : E k ~ -> Sym fe f fti) <g> 



where = {.s e H°(X,L D ) \ = 0}. 

Definition 2.4. Lei a be a non-negative real number and S be a finite subset 
of (finite or Archimedean) places of K . A smooth formal subscheme V is said 
to be (S, a)-arithmctic if for all a > a, there exist C > and a family of non- 
negative real numbers (C„)„ 6 £ K such that, for all non-negative integers D et k, 
the evaluation morphism ~ satisfies 

E h v {y k D ~)^ak\ogk + C{k + D), (2.7) 



[K : Q] ^ "^D.y 



and for each place v of K, 

hv(v k D ~) < C v (k + D). 

Definition 2.5. Let a be a non-negative real number. A smooth formal 
subscheme V is a-arithmetic if it is (S, a) -arithmetic for all finite subsets S 
of places of K. 
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Lemma 2.6. Let X be a projective variety over a number field K , let P be a 
K -rational point of X and V be a smooth formal subscheme of Xp. Let K' be 
a finite extension of the field K and let a be a non-negative real number. 

Then the formal subscheme V is a-arithmetic if and only if V ®k K' is 
a- arithmetic. 

Proof. The proof follows from the definition of a-arithmcticity and the following 
fact. Write tt : Spec 0k> — > Spec Ok, let q be a maximal ideal of ok 1 and p = 7r(q) 
the maximal ideal of Ok lying under q, then, from (2.5) one has 

h q (v k D f® K K') = [K' q :K p ]h p ( l p k D9 ). □ 

The evaluation morphism defined in Paragraph 2.1 and denoted by ip k D - 
depends on the choice of the ample line bundle L on X and on the choice of 
integral models of X and L over Speco/f- 

The following propositions imply the fact that, for a formal subscheme, 
satisfying Definition 2.5 does not depend on these choices. The arguments come 
from the article [Bost and Chambert-Loir, 2009], Proposition 4.7. 

The independence of the choice of models can be proved exactly in the same 
way as the part a) of this proposition; changing the model only modify the 
left side by a term bounded from above by C(k + D). Let us handle with the 
independency on the line bundle. We precise with an index the line bundle with 
respect to which the evaluation morphism is defined: thus, for all non-negative 
integers k, D, we write Ed,l = r(X, L® D ) and tp^ ^ ^ the evaluation morphism 

E k D ^Sym k {ttL )®Lf p D . 

Vp 

Proposition 2.7. 1. Let b be a positive integer and L be an ample line 
bundle on X. If ^ ~ ^ satisfies Inequality (2.7), then so does ip 1 ^ ~ 

2. Let L and M be two ample line bundles on X. Assume there exists 
a 6 T(X, M ® L -1 ) which does not vanish at P. Then there exists C > 
such that \\w k ^ \\„ ^ \\w k ^ \\ V C D . 

Proof. The evaluation morphism defined with respect to the line bundle L® b , 

coincides with ip k D . Therefore their norms are equal, and this proves the first 
point. 

Let s e E^ ^ be a section which vanishes with order k along V. Then 
s ® a D £ E k DM . Moreover, 



Thus, 



setting C =\\o-\\\\o-(P)\\- 1 . □ 
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Proposition 2.8. Let X be a projective variety over a number field K , let P be 
a smooth K -rational point of X and let V be a smooth formal subscheme ofXp. 
Let a G R + . 

IfV is a-analytic, then V is a-arithmetic. 

Proof. Let d denote the dimension of V, and Spec m (o/f) be the maximal 
spectrum of Ok- Assume that V is a-analytic and let a > a. Then V is 
parameterized by formal series /i, . . . , /„ G -^[[^1, • ■ • , Xd\], ft = X)/ a i(i) xI > 
which, at each place, have a positive radius of convergence and satisfy: there is 
a finite subset S of places of K containing all Archimedean places such that, 
for all p <E Spec m (o^) \ S, there exists C p > such that, for all I G Z> , for all 
ie{l,...,n}, ^ 

MOIp < pfjj|> ( 2 -8) 
and _ 

n c P < +oo. 

p6Spec m (o K )\S 

For every place v of K, there is a non-negative real number C' v , C' v = 1 for 
almost every u, such that 

hv(<f£ o) < °v( k + D)+ log f max max |oj(i)|„ J . (2.9) 

To give an upper bound for <fr ~, we use Inequality (2.8) which gives an upper 

bound for the height at every place v G Ex \ S, and the analyticity of the series 
/i, . . . , fa gives an easy upper bound for h v (ip k D ~) at the places v in the finite 

set S. 

Thanks to the inequalities (2.9) et (2.8), 

If I = (ii,—,id) G Z^. , then |7|!/ii!..id! is an integer, and hence prp - ^ refp 
if |J| k. Then, 

log H^^llp sc C' p (k + D) + HogC p - Slog |fc!|p. 
If C = logics C v ct C" = ECp, we get 

^ log||<^|| p <C'(fc + £>) + Cfc-a ^ log|fc!|p 

<C"(fc + ^)-a ^ log|fc!|„. (2.10) 

PGS K \5 
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Let v be a place of K. Let r v (i) be a positive real number, less than the 
radius of convergence of /j. Then \ai{i)\ v r v {i)^^ — > when |/| goes to infinity, 
and therefore there is a a positive real number C v such that 

h v (ip k D9 )^C v (k + D). (2.11) 
Setting Co = X^es C«! finite sum of positive terms, we get 

^^(^)^o(HD). (2.12) 

From the inequalities (2.10) and (2.12) for the heights, 

- E Mv* + E M<?) < c ^ k + D ) s E lo § i fc v 

f£S p^S peSpcc m ok 

The product formula implies 

- Y, ^g\k\\ p ^[K:Q]\og{k\)^[K:Q,]k\ogk, 

peSpcc m OK 

and hence 

/l K,y)= E M^K^fc + Z^+a^ :Q]fclogfc. 

Let S" be a finite subset of places of K. Since for every v G S', the 
height <^ ~ of the evaluation morphism at the place v satisfies the simple 

inequality (2.11), we also get, by the same arguments, 

Y h v ^ k D 9 )^C 2 (k + D)+a[K :Q]fclogfc, 

veT, K \S' 

and this holds for any a > a. Therefore the formal subscheme V is a-arithmetic. 

□ 

The converse of Proposition 2.8 is false, we will give a counterexample at 
the end of next paragraph, page 21. 

3 Formal germs of leaves of an algebraic folia- 
tion 

Let X be a projective variety over a number field K and let d be a positive 
integer. A (regular) algebraic foliation of dimension d on an open subset U of X 
is a (i-dimensional subbundlc of the tangent bundle TU which is involutive, that 
is to say stable under Lie brackets. 

In this paragraph, we will study the case of formal subschemes V which are 
germs of formal leaves of an algebraic foliation on X through a rational point. 
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Lemma 3.1. Let X be a projective variety over a number field K and let P be 
a smooth K -rational point of X . Let F be an algebraic foliation on an open 
subset of X containing P and let V be the germ of formal leaf defined by F at P. 
Then V is 1 -analytic. 

Proof. Let us recall the definition and some properties of formal leaves of an 
algebraic foliation and of their parametrization, following [Bost, 2001]. There is 
an open subset U of X containing P and regular functions xi, . . . , x„ on U such 
that the map (xi, . . . , x„) : U — > A^- is etale and maps P to 0. We identify Xp 
with A^ = Spf K [[xi, . . . , x n ]] via the "local coordinates" Xj. Let (v 1 , . . . , v d ) 
be a basis of F on an open neighborhood V of P of commuting vector fields 
vi £ Ok[[xi, ■ ■ ■ , x n ]] n . In the complex analytic case, the proof of this result is a 
classic one, see for instance the appendix of [Camacho and Lins Neto, 1985], and 
is quite similar in the formal case (see [Herblot, 2011]). For all j £ {1, . . . , d}, let 
Dj be the derivation on if[[xi, . . . , x n ]] associated with v J , and for every multi- 
index I = (ii, . . . id) £ Z> let D 1 denote the differential operator D 1 ^ . . . D\ d 

and 7! = n?=i^ ! - ^ 

The formal leaf V of F through P is parameterized by ip : A^- xXp — > Xp 
defined as 

V(ii,...,i d ,0,...,0)= jjD I (x 1 ,...,x n )(P), (3.1) 

where t 1 = Tij=i '■ 

Let / be the morphism / : A^ — >• Xp which is given by 

t n ) =ip(h,...,t d , 0,...,0) + (0,..., 0,t d+1 ,..., t n ), (3.2) 

in terms of the local coordinates xi,...,x„ on Xp. It satisfies / _1 V r = 
o x {0} n ~ d - To show that the formal subscheme V is 1-analytic, it is sufficient 
to prove that / £ G anj i. To do so, it is sufficient to give an upper bound for the 
coefficients of the parametrization ip(ti, . . . , t d , 0, . . . , 0). 
For all L £ Z^ , 

D 1 : o K [[xi, ■ ■ -,x n ]] -> o K [[xi, ■ ■ ■ ,x„]]. 

Hence we have 

\n\- 1 \D I (x 1 ,...,x n )(P)\ p ^\I\\-\ (3.3) 



j l D I (x 1 ,...,x n )(P) 



p 

which proves that V is 1-analytic. □ 

Remark. This inequality fulfilled by the coefficients of a parametrization of V is 
stronger than the condition of 1-analyticity. Actually, for almost every place p 

those coefficients are less or equal to jjjj- with C p = 1. 
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If D is a derivation on a commutative ring A of positive characteristic p, then 
from the Leibniz rule its p-th. composite D p is still a derivation on A. Let X 
be a projective variety over a number field K. Let F be an algebraic foliation 
on a smooth open subset U of X, defined over K. Let N be a positive integer 
such that there exist a smooth model of {/ over 0/f [1/iV] and an involutive 
subbundle ^ of with generic fiber F. Let p be a maximal ideal of Ojf [1/iV], 
denote by F p its residue field and by p the characteristic of F p . We say that 
& has vanishing p-curvature if the subbundle & ® F p of ® F p ) is stable 
under its p-th power. 

For almost every p, this notion does not depend of the choices of and & 
we made. Hence we will say in that case that F has vanishing p-curvature. 
(For more details about involutive vector bundles in positive characteristic, 
see [Miyaoka, 1987].) 

Lemma 3.2. Let X be a projective variety defined over a number field K , and 
let P be a smooth K -rational point of X . Let F be an algebraic foliation defined 
on an open subset of X containing P and let V be the germ of formal leaf of F 
through P. Assume that almost every p-curvature (that is to say all but finitely 
many) of F vanishes. 
Then V is O-analytic. 

Proof. Let p be a maximal ideal of Ok and p be the prime number such that 
(p) = p fl Z. Let / be the residue class degree, that is to say the degree of the 
field extension Ok/P over F p , so that Ok/P — F p f- Let o p be the completion 
of Ok for the p-adic absolute value. Let CD be a uniformizing element of o p , 
(p) = (cd) 6 where e is the absolute ramification index. 

Let L = (ii,...,i d ) E Z| . The derivation D 1 = Dj 1 . . . acts on 
o p [[xi, . . . , x n ]]™. Moreover, if the p-curvature vanishes, Df maps o p [[xi, . . . , x„]]' 
into CDo p [[xi, . . . , x„]]". Let g G o p [[xi, . . . , x„]]™. For all jg{l,...,d} we write 
ij = qjp + rj the Euclidean Division of ij by p and set q — Y^j=i Qj- Then 

D\g) = Dr +ri ■ ■ ■ Dr +rd (9) - WTD? . . . (D? d r(D r /(g)), 

and finally D 1 '(g) £ G> g O p [[xi, . . . ,x„]] n . 

The germ of formal leaf defined by the foliation at P is parameterized by 

<p(t u ...,t d , Xl (p),...,x n (p))= J2 ji Dlx ( p )> 

with X = (xi, . . . , x„). 

Now, we give an upper bound for the coefficients of the parametrization ip: 

< l/il-^i^^^KE^^feo-H^j). (3 . 4) 



1d^(o) 
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Recall the normalization of the p-adic absolute value we chose. Let © be a 
uniformizing element at p, we have: 

\p\ P = N(p)- e =p-l K >--<**\ 



\o\ p =N(p) 1 = p f = P 



We recall that if a is a non- negative integer, then v p (a\) 



p(p-i) ' 



because the p-adic valuation of a! is v p (a\) — J2T=i p^j ■ ^ 1 
and the inequality (3.4) imply the following inequality: 



1, this remark 



II 



L> 7 X(0) 



LLj 

p(p— 1) 



(3.5) 



Let S be the finite subset of the ramified ideals p. For all p ^ S, the 
ramification index e is equal to 1 and Inequality (3.5) holds. For p S, we set 

C p = p p(p-i) . 

The sum £ p £ S logC,, = E ^prryt^p : Q P ] converges and 



-D^(0) 



so V is O-analytic. 



□ 



3.1 Density of vanishing p-curvatures 

In this paragraph, we define a density j3 in [0, 1] of vanishing p-curvatures of 
the foliation F, which is equal to 1 without any additional assumption on the 
foliation and if almost every p-curvature vanishes. This density is related to 
the notion of a-arithmetic formal subschemc: a formal leaf with a density /3 
of vanishing p-curvatures is (1 — /3)-arithmetic (Proposition 3.6). With this 
definition, Theorem 6.1 gives, in the Archimedean kind of "interpolation" 

between the classic Schneider-Lang theorem (when the density of vanishing p- 
curvatures is zero) and (when almost every p-curvature vanishes) an algebraicity 
theorem close to the theorem by J.-B. Bost in his article [Bost, 2001]. 

Lemma 3.3. Assume that V is the germ of formal leaf of an algebraic foliation 
at a rational point. Then the evaluation morphism satisfies the following 
properties: there exists a finite set S of maximal ideals of Ok such that, for 
every p G Spcc m Ok \ S, for every k £ Z^o o,nd D £ Z>o, 

M<sO « " fc^te£, (3.6) 
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and if moreover k < p, we have: 

h p & k D ~) < 0. (3.7) 

Let p be a maximal ideal of Ok, P £ S, such that the p-curvature of F vanishes. 
Then 

Proof. The inequalities (3.6) and (3.7) follow from Inequality (3.3). If moreover 
the p-curvature vanishes, from Inequality (3.5) we get (3.8). □ 

For every x E R+, we define 

peSpec m Ok 
s.t. p^x 

Lemma 3.4. Let K be a number field. Then, when k goes to +oo, 

i, K {k) ~ [K : Q] log A. 

Proof. The function satisfies ipK = [K : QjV'Qi an d h is well-known 
that Vq(^) ~ log A: when fc goes to oo (sec for instance [Tenenbaum, 1995] 
Chapter 1.1, Theorem 7). □ 

Definition 3.5. Let F be an algebraic foliation on X. For every x £ R + , we 
set 

1 _ [K p :Q p ]logp 



tpxix) ^ ^ p - 1 

r v ' p s.t. p^x, r 
p - curvature (F)=0 

We call (inferior) density of vanishing p-curvatures the following real number 
between et 1: 

[3= lim [3 X . (3.9) 

x— >oo 

Proposition 3.6. Let X be a projective variety defined over a number field K 
and let P be a smooth K -rational point of X . Let F be an algebraic foliation 
defined on an open subset of X containing P and let V be the germ of formal 
leaf of F through P. 

Let (3 be the density of vanishing p-curvatures of F. Then V is (1 — (3)- 
arithmetic. 

Proof. Let S be a finite subset of places of K. We want to show that for every 
e > 0, there exists a non-negative real number C such that, for all k, D, 

Y h v (ip k D ~)^C(k + D) + (l-[3 + e)klogk. 
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Since the formal subschcme V is the germ of leaf of an algebraic foliation, it 
is 1-arithmctic and hence, for every place v of K, there is a non-negative real 
number C v such that, for every k £ Z^ and D £ Z >0 , 

h v (<p k D9 )^C v (k + D). 

Let A be the set of maximal ideals p of o#- such that the p-curvature of F 
vanishes. Then, setting C\ = Eu-k^c ^"i 

]T M<9)<C- 1 (fc + I>)+ £ M<?) from (3.7) 

pGSpcc m o fc 

peA peSpcc m o fc \A 

< c 2 (fc + d) + fc v [K * j Q ^ gp + y [ ^ : g^l logp 



[ifp : Q p ] logp 



p-1 

pGSpcc m Ofc\A 
p^k 

because J2 p eA p°p-i) t-^P ■ Qp] < 00 ■ F rom Definition 3.5, 

2^ — 3 = (1 - /3 k )ip K (k). 

p6Spec m o k \A 

Since (3 = lim fe /3 fc , for every e > 0, there exists ko such that, for every k ^ fc , 
^ (i — e. Moreover, thanks to Lemma 3.4, iI>k(x) ~ [K : Q] logfc, so there is 
a non-negative real number C4 such that, for every k £ Z >0 , 

V [i " p:Q f° SP < C 4 + (1 - + e)[K : Q]fc logfc. 
^— ' p — 1 

pGSpcc m a k \A 
p^k 

The formal subscheme V is therefore (1 — /3)-arithmetic. □ 

Lemma 3.7. Let X be a subset of the set of prime numbers. The natural 
density of X as the real number in [0, 1] is defined by: 



d(X) = lim -1- £ 1, 
nex 

where n(N) denotes the number of prime numbers at most equal to N. 
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Then the density of X defined by 



lim 



is at least equal to the natural density d(X). 

Proof. Let lx denote the characteristic function of X . For every integer n ^ 2, 
we set a n = l x {n), b n = l x (n)^, and for all N > 1, A(N) = £^ =2 a n 

and B(N) = J2n=2 ^n- Hence d(X) = lim ¥ ^^^(A 7 ") and the density of X is 

lim M jA r rB(N), where V(A0 = I] n^iv, ^zf ~ lo g(^) when n g° es to 00 ( see 

n prime 

Lemma 3.4). 

Let e > 0, and let M be an integer such that for all n ^ M, 

' A(n) > - e. (3.10) 



7r(n) 
For every N ^ 2, 

S(7V) = W^T A(N) £ A{n) 

n=2 ^ 

by an Abel summation. When N goes to 00, 



log(n + 1) logn 
n n — 1 



JV-l , . 



1 D ,, n d(X) - e ^ /logn log(n + 1) 



W > ^17^ > . *(») r^r ~ „ + (3.H) 



Since *2&" _ lo s(" +1 ) ^„^ oc )SBp. and vr(n) - 

n—1 n n—too n z \ / logn 1 

1 , . d(X) - e ^ 1 diX) -e ( ^ 1 \ 

Since ^(Af) ~ log A" (Lemma 3.4), letting e go to we conclude that the density 
lim „ 1 ±^B{N) is at least d(X). □ 

We proved in Proposition 2.8 that an a-analytic formal subscheme is a- 
arithmetic. The converse does not hold, and here is an example of an a- 
arithmctic formal subscheme which is not a-analytic. 

Let b be an algebraic number. Then the formal series x and y defined by 

00 f n 

x(t) = (l + t) b = J2^b(b-l)---(b-n + l), 

n=0 



1 oc 

»(*) = TX7 = EH)"' 



l + t 

n=0 
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satisfy the following differential equation: 



x'(t) 

y'it) 



bx(t)y(t) 

-y(t) 2 - 



Let K = Q(6), let d denote the degree of K and let Ff, be the algebraic foliation 
over K (of dimension 1) generated by the vector field 

n h 9 9 

ox ay 

Lemma 3.8. Assume b to be irrational. Then the germ of formal leaf of Ff, 
through (1, 1) is a-analytic if and only if a > 1. 

Proof. It follows from Lemma 3.1, that the germ of formal leaf of F^ through (1,1) 
is 1-analytic. Let a ^ 1 and assume that this germ of formal leaf is a-arithmetic. 
Then, by Lemma 1.3, there is a finite subset S of finite places of K, there is a 
family (C p ) p ^s of real numbers at least 1 with Y[ p ^ s C p < oo such that, for all 



sup \%{t)\p ^ C p r. 

tec p s.t. \t\ p ^r 



(3.12) 



Let p be such that b is not equal to a rational integer modulo p. Then, for 
all r less than the radius of convergence of x, 



Thus, for all r < C p p 



log sup |z(£)| p > max nlogr 
\t\p& n 



sup \x(t)\„ = max — — . 
\t\ P ar «en |n!| p 

"-[K p :Q p ] 



p-1 



logn 
logp 



[K p : Q p ] logp) . 



From this inequality and Inequality (3.12), letting r go to C v x p p- 1 ^ K f :< ^ we 
obtain that for all n £ Z> , 



logC p ^ max(l - a)^-[Kp : Q p ] + - 
n p — l n 



( " - 


logn 




Vp-1 


logp 


) 



[K p : Q p ] logp, 



and therefore logC p > (1 — a)[K p : Q P ]^f for all p G Ok such that b is not a 
rational integer modulo p. From the Cheborarev theorem, since b is irrational 
the (natural) density of such p is positive, and thus from Lemma 3.7 the sum 
of log Cp over those p diverges unless a = 1 , and the germ of formal leaf of Ff, 
through (1,1) is not a-arithmctic for a < 1. □ 

Lemma 3.9. Assume that the extension Q(6) of Q is Galois. Then the germ 
of formal leaf of Fb through the point (1, 1) is (l — [q^-q ] ) -arithmetic. 
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Proof. From the binomial theorem, for every prime number p, 



71=0 



nj \ dx J \ ^ dy 



p—n 



Let p be a maximal ideal of Ok and let p be the characteristic of the residue 
field 0k/\>- Then D p is still a derivation after reduction modulo p, and the p- 
curvature of Fb vanishes if and only of Fb modulo p is stable under p-power. 
Since 

DP = ( bx ir) + (-Vir) mod P 



dx J \ dy 

the p-curvature of F b vanishes if and only if 

W = b mod p. (3.13) 

It follows from the Chebotarev density theorem ([Lang, 1994] Theorem 10 
page 169) that the natural density of vanishing p-curvatures of Fb is equal 
to [ Q(a).Q ] ■ Hence, it follows from Lemma 3.7 that the density defined by (3.9) 
of vanishing p-curvaturcs is at least equal to [q^.q] ) an d from Proposition 3.6, 
the leaf of Fb through (1, 1) is therefore ^1 — [q^.q] ^-arithmetic. □ 



4 Formal subschemes based at a closed point 

Until now, we considered formal subschemes of the formal completion of a 
projective variety at a rational point. In this paragraph, we will define the 
a-analyticity of a smooth formal subscheme of the formal completion at any 
closed point, so as the associated evaluation morphisms, and then wc will define 
what it means for such a formal subscheme to be a- arithmetic. 

Let X be a projective variety of dimension n over a number field K and let P 
be a smooth closed point of X. Let K(P) denote the residue field of P. Then 
the formal completion Xp of X at P is isomorphic to the formal spectrum of the 
ring K(P)[[ti, . . . , t n ]]. Let K' be a Galois extension of K containing the residue 
field K(P). When we extend scalars from K to K' , Spec m K(P)[[ti, . . . , t n ]] 
decomposes in a disjoint union of formal schemes Spec m . . . ,t n ]] indexed 

by the set of embeddings of K{P) in K'\ 

X P ~ [J Spec m K>[[t u ...,t n ]}. 

a:K(P)^K' 

Let V' be a smooth formal subscheme of dimension d of Xp. Let 7~ the ideal 
of K(P)[[ti, . . . ,t n }] defining V. When we extend scalars from K to K', the 
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formal subschcmc V decomposes into a disjoint union of if' -formal subschemes, 
indexed by the embeddings of K(P) in K': 

V® K K'= [J V„, (4.1) 

where V a is defined by the ideal I~ ®k(p).<j K' C AT'[[ti, . . . , t n ]]. 

Lemma 4.1. Let X be a projective variety defined over a number field K and 
let P be a closed point of X . Let V be a smooth formal subscheme of Xp. Let K' 
be a Galois extension of K containing the residue field K(P) of P. Let a be 
a non-negative real number. If there exists an embedding a of K{P) in K' 
such that Va is a-analytic, then for every embedding a : K{P) M> K' , V a is 
a-analytic. 

Proof. We denote by n the dimension of X and by d the dimension of V. 
Let a > a. Since V„ is a-analytic, it can be parameterized by formal series 
/i, . . . , /„ G K[[xi, x d ]], fi = J^i^iiiW, which, at every place of K' , have 
a positive radius of convergence and satisfy: there exists a finite subset S of 
places K' such that, for every p G Spec m (o/f) \ S, there exists C p > such 
that, for every / e Zj>o d , f° r every i G {1, . . . , n}, 



Yl C p < oo. 

pGSpec m o K i 

Let a be an embedding of K(P) in K' . There exists 7 G Gal^'/i^P)) such 
that a = 7<r. The formal subscheme is parameterized by 7 o / l5 . . . , 7 o f n 
whose coefficients are the 7(0/(1)), 7(a/(n)). Let p be a maximal ideal 
of o K '- Then 

c m 

||7(a/(i))|| P = ||7(a/(i))|| 7(7 -i(p)) = hi{i)\\^{p) < rrrg^ ■ 

As 7|q is the identity map, 7 _1 (p) fl Z = p n Z, and hence the integers have the 
same p-adic and 7 _1 (p)-adic valuations. So we get 

h(ai(i))h < " '"" 



Moreover, 



n c< 7- i (p)= n c P <oo. 

pGSpcc m o K / pGSpcc m o K / 



The formal subscheme V a = Vj„ is hence a-analytic. □ 
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Definition 4.2. Let X be a projective variety defined over a number field K 
and let P be a closed point of X . Let V be a smooth formal subscheme of Xp. 
Let K' be a Galois extension of K containing the residue field K(P). Let a be 
a non-negative real number. The formal subscheme V is said to be a-analytic 
over K' if for every embedding a : K(P) K', V a is a-analytic. 

Lemma 4.3. Let X be a projective variety defined over a number field K and 
let P be a closed point of X. Let V be a smooth formal subscheme of X P . 
Let K' be a Galois extension of K containing the residue field K(P) and let a 
be a non-negative real number. 

If V is a-analytic over K' , then V is a-analytic over K" for every finite 
extension K" of K' . 

Proof. Let a > a. Let a be an embedding of K{P) in K' and let ai(i) E K' 
be the coefficients of a parametrization of V a . ff V is a-analytic over K' , there 
exists a finite subset S of places of K' such that, for every p £ Spec m (ox') \ S, 

IMOIIp < 

If we denote by i the inclusion of K' in K" , then i o a is an embedding of K(P) 
in K" and the aj(i) are the coefficients of a parametrization of Vi OIJ . By 
Lemma 4.1, it is sufficient to prove that Vi 0(7 is a-analytic over K" . Let S' be the 
set of the maximal ideals of K" lying above the maximal ideals of K' which are 
in S. Let q £ Spec m (oif ) \S' and let p be the maximal ideal of K' lying under q. 

Then || 0j (i)|| q = IMOIlf^ 1 - Since = (U Pt s C p) ^ 

converges, Vi 0a is a-analytic over K" . □ 

Definition 4.4. Let X be a projective variety defined over a number field K 
and let P be a closed point of X . Let V be a smooth formal subscheme of Xp. 
Let a be a non-negative real number. The formal subscheme V is said to be 
a-analytic if there exists a Galois extension K' of K, containing the residue 
field K{P) of P such that V is a-analytic over K' . 

We also define a notion of a-arithmeticity for such a formal subscheme, based 
at a closed point. Let a be an embedding of K{P) in K' , with K' a Galois 
extension of K containing K(P). We recall the definition of the evaluation 
morphisms along the formal subscheme V a . For every non- negative integer k, 
let {V a )k be the fc-th infinitesimal neighborhood of P a in V a . Hence we have 

{P°} = (K)o, for every k, (V a ) k C (V a ) k+1 and % = lim(K) fe . 

k 

Let L be an ample line bundle on X. We define the following if '-vector 
spaces and if'-linear maps, for all integers D, k: 

E D =T(X K ,,L® D ), 
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s i y S| ~ , 



s ^ s l(^) fc - 

The vector spaces 

K.Z = keTV D,i = {s G T ^^ D ) Hv«h-i = 0}, (4.3) 

for k £ Zj, , define a descending nitration of the vector space Ejj. 
The map ri k restricted to E k ~ induces a i-T'-linear map 

D,V a D,V„ 

Lemma 4.5. Let k, D be non-negative integers. For every place v of K' , for 
every embedding a\,a 2 de K(P) in K' , we have 

Proof. Set 7 = <7 2 o-f 1 £ Gal(K'/K(P)). The formal subscheme V„ 2 = V jai is 
defined by the ideal % = 7 ( Jr; ) . Then 

w fe ~ =7ooj fe ~ 07" 1 . (4.5) 
Let s £ E k ~ , let p be a maximal ideal of Ok 1 ■ Then 

D,V„ 2 

= ll7o^ i (7- 1 ( S ))ll 7 ( 7 - lp) 
= ll<^ i (7- 1 ( S ))ll 7 - lp 

We proved the following inequality 

Applying this inequality to a 2 and o\ = r )~ 1 cr 2 instead of o~\ and a 2 at the 
place 7 _1 w instead of the place v, we get the inequality 
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If v is an Archimedean place of K', then 



1 1707 



Hence, ||<^ ~ ||„ s$ ||v>* ^ ||„o 7 , and also ~ IU 7 < Ik* ^ Ik- D 

We define the a-arithmeticity of V as we did for the a-analyticity. 

Definition 4.6. Let X be a projective variety defined over a number field K 
and let P be a closed point of X. Let V be a smooth formal subscheme of 
the formal completion Xp. Let K' be a Galois extension of K containing the 
residue field K(P) of P. Let a be a non-negative real number. The formal 
subscheme V is said to be a-arithmetic if for every embedding a : K(P) <^-> K' , 
V a is a-arithmetic. 

Remark. The existence of one Galois extension of K containing K(P) and one 
embedding a of K(P) in this extension such that Va- is a-arithmetic is a sufficient 
condition for V to be a-arithmetic. Indeed, it follows from Lemma 2.6 that 
this definition does not depend on the choice of a Galois extension K' of K 
containing K(P). 

Moreover, et a be a non-negative real number. It follows from Lemma 4.5 
that if one of the formal subschemes V a is a-arithmetic, then they all are. 
Indeed, let a be an embedding of K(P) in K' . Assume that V a is a-arithmetic 
and let a be a real number bigger than a. By definition, for every finite subset S 
of places of K', there exists a positive real number Cs such that 

v " ]og\\<pbJ\€aklogk + Cs(k + D). 



Let 7 G Gal(K' / K(P)), and S be a finite subset of places of K' and let k, D be 
two non-negative integers. Then, thanks to Lemma 4.5, 



v€L2-, K /\& v£2-, K /\& 



E M<o) 



\K> : Q] ^ D,v a 
< afclogfc + C 7 -i S (fc + D), 

because V G is a-arithmctic. Hence, V ia is also a-arithmetic. 

Proposition 4.7. Let X be a projective variety defined over a number field K 
and let P be a closed point of X . Let V be a smooth formal subscheme of Xp. 
Let a be a non-negative real number. If the formal subscheme V is a-analytic, 
then it is a-arithmetic. 
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Proof. If V is a-arithmctic, there exists a Galois extension K' of K contain- 
ing K{P) such that, for every a : K{P) <^-> K' , V a is a-analytic. From Proposi- 
tion 2.8, the V a are also a- arithmetic, and V is by definition a-arithmetic. □ 

5 Uniformization and order of growth 

Before we give the statement of the main Theorem 6.1, we define a notion 
of uniformization of formal subschemes defined at closed points of X by a 
holomorphic function on an affine curve Mq over C or C p . This notion extends 
that of parametrization by meromorphic functions on the affine line over C. If 
M is the projective compactification of Mo, we also define the order of growth 
of such a holomorphic function on Mo at every point of M \ Mo- This notion 
generalizes the notion of exponential order of growth of a holomorphic function 
on C. 

5.1 Order of growth 

Let J be a complete, algebraically closed valued field. The cases we will be 
interested in are # = C and $ = C p . Let X be a projective variety over M 
an algebraic curve over 5, and P a point of M. Let L be a metrized line bundle 
on X; assume L to be ample. 

Let T be a finite subset of M. The affine curve M \ T is a Stein space (see 
[Grauert and Remmert, 2004; Kiehl, 1967]) and therefore there always exists a 
global section T(M \ T, 0*(L -1 )) which is not the zero section. 

Definition 5.1. Let T be a non-empty finite subset of M($). Let p = (p T )reT 
be a family of non-negative real numbers. A holomorphic map Q : M\T — > X{f$) 
is of order at most p with respect to T if there exists a non-zero global section 
n e r(M \ T, 6*(L -1 )) such that, for every t e T, if u T is a local parameter 
of M at t, there exist positive real numbers Ax , A 2 such that 

||f?(z)|| ^ ^i ex P (A2\u t (z)\~ Pt ) for all z sufficiently close to r. (5.1) 

When ^ = C, the map is holomorphic in the sense of complex analytic 
geometry. When 3" = C p , it is holomorphic in the sense of rigid analytic 
geometry (see [Bosch et al., 1984] and [Fresnel and van der Put, 1981]). 

Remark. This definition does not depend on the choice of a local parameter at 
a point of T. 

Lemma 5.2. We use the same notation as in Definition 5.1. Let L\ and Li 
be two ample metrized line bundles on X and let r\ be a global section of &*L^ 1 
satisfying Lnequality (5.1) of the previous definition. Then there exists a non- 
zero section rj' £ T(M \ T, 0*(L^" 1 )) also satisfying (5.1). 

Proof. Let TV be a positive integer such that L{^ ®L^ 1 admits a non-zero global 
section / (such an integer does exist because L\ is ample). Then the section 
rf = n N e*f e T(M \ T, O*^ 1 ) is suitable. □ 
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Lemma 5.3. Let O : M\T — > X($) be holomorphic of order at most p T at t G T 
and let Pi,. . . , P m € M \ T. We may choose a section rj satisfying (5.1) which 
does not vanish at the points Pi, ... , P m . 

Proof. We are going to construct a function /, meromorphic on M, holomorphic 
on M \ (T U {Pi, . . . , P m }), having poles of order exactly rij at Pi and poles of 
controlled order at the points of T. Then the section f\ = fr] does not vanish at 
Pi, ... , P m and is holomorphic at M \ T; it will only remain to observe that it 
still satisfies Inequality (5.1). 

If A is a divisor on M, denote by ft, (A) the dimension over $ of the vector 
space of sections H°(M, &m{A)). Denote by Km a canonical divisor on M. 

Let rj G T(M \ T, Q*L~ r ) satisfying (5.1). Let rij be the order of vanishing 
of T) at Pi. Let n G Zj, and define A the divisor A = X^tgt^H + ^2 n i[Pi]- 
The Riemann-Roch theorem says that 

ft (A) - h°(K M - A) = dcg A + 1 - g, 

and 

h°(A - [Pi\) - h°(K M - A + [P 4 ]) - dcg A - g, 
where g is the genus of M. If dcg A ^ 2g, 

h°(K M - A) = h°(K M - A + [P^) = 0, 

and therefore H°(M, 0(A- [P])) is a hyperplane of H°(M, <?(A)). As the field J 
is infinite, there exists a function / G H°(M, ^(A)) which does not belong to 
any of those hyperplanes 

P°(M, ^(A - [P])), . . . , H°(M, G{A - [P m ])). 

The function / is meromorphic on M, holomorphic on M \ (T U {Pi, . . . , P m }) 
and has poles of order exactly ni at Pi of order at most n at every r G T. 

The section ry = fr) does not vanish at Pi , . . . , P m and is holomorphic 
on M \ T. Let r G T and let u T be a local parameter of M at r. Since / 
has a pole of order at most n at r, there exist A 3 > and a neighborhood ?7 
of r in M such that for every z £ U, f(z) < A 3 |u T (z)| _ ™. Hence for every z 
sufficiently close to t, 

||r)(z)|K AiA 3 cxp (A 2 \u T (z)\-^)\u T (z)\- n . 

Let > A 2 . Then, when x goes to 00 (x real), exp {A 2 x Pt ) x n — o (exp (A' 2 x Pt )) 
so there exists A4 > such that 

||^)IK ^exp^M^r^)- 

The section fj satisfies, like r\, an inequality which is similar to (5.1) and does 
not vanish at Pi , ... , P m . □ 
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5.2 Uniformization of finite order 



Let X be a projective variety over Q and let X\, . . . , x m be closed points of X. 
For every j E {1, . . . , to}, denote by Kj = Q(xj) the residue field of Xj, by dj 
its degree over Q and let Vj be a smooth ifj -subscheme of dimension 1 of the 
formal completion X Xj of X at Xj. Let L be an ample line bundle on X. Let po 
be a given place of Q, finite or Archimedean. 

Definition 5.4. The family of formal subschemes (V\, . . . , V m ) admits a uni- 
formization at the place po if there exist an affine, smooth, connected curve Mq 
over C Po , a holomorphic map 

Q : M -> X(C po ) 

and distinct points w\, . . . , w m of Mq such that @(wj) = £,j, where £j G X(C pa ) 
is a geometric point lying above the closed point Xj, and the germ of formal 
curve parameterized by Q at £j coincides with Vj . 

Definition 5.5. We denote by M the smooth projective compactification of Mq 
and by T the (finite) complement of Mq in M, so that Mq — M \ T. Let p be 
a non-negative real number. We say that such a uniformization is of order at 
most p if there exists a family (p T ) re r of non-negative real numbers satisfying 
J2 T Pt ^ P suc h ^at the holomorphic map 6 : M \ T — > X(C pg ) is of order at 
most (pt)t with respect to T. 

Assume that the formal subscheme V — UjL^j admits a uniformization at 
this place p . For all j £ {1, . . . , to}, the geometric point £j defines a morphism 
from ffx.xj to C po whose kernel is the maximal ideal m Xj , and hence which can 
be factorized to give an embedding o~j of ^x,xj / nv X3 = Kj in C po . 

6 Proof of the main Theorem 
6.1 Statement 

The Zariski closure of V — Uj=i Vj m X is by definition the smallest Zariski- 
closed subset Y of X (defined over Q) such that, for every j e {1,...,to}, 
Vj C Y x . . The formal subscheme V is said to be algebraic if its dimension 
(here, 1) is equal to the dimension of its closure. 

We can now state the following geometrical version of the Schneider-Lang 
theorem on an affine curve. 

Theorem 6.1. Let X be a projective variety defined over Q and let xi, . . . , x m 
be closed points of X . For all j G {l,...,m}, denote by Kj = Q(xj) the 
residue field of Xj and by dj its degree over Q. Let a\, . . . , a m be non-negative 
real numbers. For every j 6 {1, . . . , to}, let Vj be a smooth a j -arithmetic Kj- 
subscheme of dimension 1 of the formal completion X Xj of X at Xj . Assume 
that the family of formal subschemes (Vy, . . . ,V m ) admits a uniformization of 
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order at most p ^ at some finite or Archimedean place po of Q. Let r be the 
dimension of the Zariski closure of V — Uj=i * n X ■ 
Then, 

• either r > 1 and 

\ - 1 r 



a,-dj r — 1 

• or r = 1, that is to say the Vj 's are all algebraic. 

Remark. Under the hypothesis of uniformization of the theorem, if one of the 
formal sub-schemes Vj, j G {1, . . . , to}, is algebraic, then they all are. Indeed, if 
there exists some j such that Vj is not Zariski-dense in X, there exists a non- 
zero rational function P on X, identically equal to zero on Vj. The holomorphic 
function 0* P on M \ T vanishes with an infinite order of vanishing at any 
point Wj such that Q(wj) = Xj. As M \ T is connected, Q*P is identically 0. 
Thus the restriction of P to the V, i G {1, . . . , to} is zero, and none of the 
formal subschemes Vi is Zariski-dense in X. 

Replacing X by the Zariski closure of V = U™ x Vi, one can assume that the 
formal subschemes Vi are all dense in X and that r which is the dimension of 
the Zariski closure of V in X is equal to n, the dimension of X. That is what 
we do from now on. 



6.2 Choice of the filtration and evaluation morphisms 

Let L be an ample line bundle on X. We construct a filtration of the space Ed 
of the sections of L D by the order of vanishing along the formal subschemes Vi . 
At a step of the filtration, we do not impose the same oder of vanishing along 
the to formal subschemes. 

Let K be a finite Galois extension of Q, included in C Po and containing the 
fields ai(Ki), . . . , a m (K m ), where for every j e {1, . . . , to}, Oj is the embedding 
of Kj in C Po given by the uniformization. We define the following Q-vector 
spaces and if -vector spaces: 

Eq,d — T(A, L D ), 

and 

E k ,d = Eq^ d Oq K. 

Let ?7q,d be the restriction morphism fromi^Q^ = T(X, L D ) to 0™^ T(Vj,L D ). 
We will look at the extension of scalars from Q to K of this Q-linear map. In 
order to describe it, we use the following lemma which describes the scalars ex- 
tension from Q to K of the ifj-vector space T(Vj,L D ), for every j <G {!,..., to}. 
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Lemma 6.2. For every j e {l,...,m}, let Ij be the definition ideal in 
0~ ^Kj[[U]] o/V}. TTjen 

where V a (£ ) denote the K-formal subsecheme o/Spf -f^[[J7]] defined by the ideal 
Ka(Ij). 

Hence the scalars extension of r/Q,D to K is the /^-linear map: 

m 

Vk.d:E k . d ^^ r(i> CTte) ,L B ). (6.1) 

3=1 a-.K^K 

Lemma 6.3. The following propositions are equivalent: 

1. For all D, the map t\k,d is infective. 

2. For all sufficiently big D, the map t]k,d is infective. 

3. The formal subschemes V are dense in X. 

Proof. If V is not dense, then V is included in a hypersurface H of X. For D 
big enough, the ample line bundle L D has a non-trivial global section which 
identically vanishes on H and therefore t}k,d is not injective, and Condition 2 
implies Condition 3. We now show that 3. implies 1. Assume V is dense in X 
and let s be a section of L D on X which identically vanishes on V. Then V 
is included in the divisor of s, which is equal to the whole variety X since the 
formal subscheme V is dense in X. Therefore, s is zero on X and r\ K D is 
injective. □ 

Let (afc)fc 6 z >0 be a sequence of integers between 1 et m et set ao = 0. For 
every k, the number will indicate that we ask the sections in the (k + 1)- 
step Ep of the filtration to vanish with a bigger order along V ak than at the 
previous step E^f 1 , and ask no extra vanishing condition along the others formal 
subschemes. 

For every i £ {1, . . . , m} and k e Z^o, let 

Wj(fc) = Card{0 < j < k | a 3 ; = z} = 5 Qjii , 

where (5 Ujt , denotes the Kronccker symbol. 
We set 

n k =uj ak (k). (6.2) 

Recall that, for every j e {1, . . . , to}, dj = [Kj : Q] and denote by uj, . . . , er^ 3 
the cij embeddings of Kj in if. 
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We define a descending filtration on Eqd and then on Ek,d- First, for all 
positive integer D we define the following Q-vector spaces: 

e q,d = e Q,d, 

and for all positive integer k, 

e q,d = I s € e q,d\ S|(y j .)^. (fe) _ 1 = pour tout j G {1, . ..,m}}. 
And then we define the if -vector spaces 

E K,D = E Q,D ®Q K 
m 

= n n {^^i^^^w-^o} (6.3) 

j=l a-.Kj^K 



<«,■) 



where t/^^ is the map defined by (4.2). 

3 J 

To simplify the notation, we will not write the subscript K anymore for 
these if -vector spaces. Hence, we set Ed = e k,d and, for every non-negative 
integer k, E D — E^ D . We defined a descending filtration of Ed, which is 
separated if t\d is injective. 

The kernel of the restriction map 



m m 

©r((^,))^ D )->0r((7„ ((j) )) wl i D ) 

is isomorphic to Sym fc ( fik ® L a(t y The 

map ry^j, restricted to E D 



induces therefore a linear map 



j=l a-.Kj^K 



^:^->0 Sym^nk^)®^), (6.4) 



which maps a section of L D vanishing at order ujj(k) along the formal sub- 
scheme Vj for all j € {1, ...,m} on the (fc + l)-th "Taylor coefficients" of 
its restrictions to Kt(£i)> • • • , Kr(£ m )- By definition, the kernel of tp D is equal 
to E k D +1 . 

We also define a refinement of the previous filtration on Ed obtained by 
taking the tensor product of the filtration of Eqd ■ On every E D , we define a 
new descending filtration: 

E k D = E k D °D---D E^' 1 D E k D dak = E k +\ 
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where for all / £ {!,..., d ak — 1}, E^ 1 is defined by 



E k J = < 



= 



For every non- negative integer k and every I £ {1, . . . , d afc }, let 
Wc define the if-lincar evaluation morphism 

^k l . E k l-1 ^ Sym n fcn l gLj D _ 



(6.5) 



The range Sym nfc fil. 



i Lj^, is a if- vector space of dimension f . The kernel 



of is £?£,'; let again denote the injective if-linear map obtained by 
taking the quotient: 



<Pd :E d i e d ^ s y m n r 



y 5 L 



(6.6) 



As its range is of dimension 1, the map ip^j 1 is an isomorphism as soon as Ep 
is strictly included in E k p~ x . The image <fin(s) of a section s in £?|, by this 
evaluation morphism equals to w nk ^ (s) with the notation (4.4) we used 

for the evaluation morphisms along one of the conjugates of a formal subscheme 
at a closed point. 



6.3 Slopes inequality 

For k £ Z> and I £ {1, . . . , d a . }, the if- vector spaces E k J et Sym fc fii. 

can be equipped with integral structures thanks to the choice of a projective 
model of X over Spccox. As explained in Paragraph 2.2, they are equipped 
with Hcrmitian structures ( <££>,f2i~), the norm on E^ ® C being the John 

norm associated with the infinity norm (see page 9). We denote by hj{(f k D ) the 
height of the evaluation morphisms relative to these Hermitian norms. 

Then we have the following slopes inequality due to J.-B. Bost (see for 
instance [Bost, 1996; Chambert-Loir, 2002; Bost, 2001; Chen, 2006; Bost, 2006]), 
which reflects the fact that the map 

m 

VK, D :E K , D ^Q T(V a(ij) ,L D ) 

j=l a-.Kj^K 

defined by (6.1) is injective: 
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deg(^) S =:^^rk(^- 1 /^) 



k=0 1=1 



Sym n " QJ 



Is at. 



+ MV>B ) 



(6.7) 



where nu — uj ak (k), as defined by (6.2). From Inequality (2.6), this inequality, 
which involves the height hj{y> K D ), also holds for h(Lp k D ) even if this height 
does not come from Hermitian norms at the Archimedean places, 



deg(^)<£^rk(^-V^) 



k=0 1=1 



Mmax Sym" fc Qk ® JSf !ft 



(6.8) 



We give an upper bound for the maximal slope arising in this inequality, so 
as a lower bound for the arithmetic degree. 

Lemma 6.4. With the previous notation, there exists a real number Ci > 
such that 



Sym" fc fi. 1 



>jS?l ft ^d(n k + D) <Ci(fc + D). 



Proof. See [Bost, 2001], Lemmas 4.2 and 4.3. 



□ 



The lower bound for the arithmetic degree of S d we will use is a weak form 
of the arithmetic Hilbert- Samuel theorem (see Proposition 4.4 and Lemma 4.1 
of [Bost, 2001] for the proof): there exists a real number C > such that 



deg(<f D ) > -CD n+1 . 
Hence the slopes inequality (6.8) yields 



(6.9) 



(6.10) 



k=0 1=1 



6.4 Choice of the derivation speeds defining the filtration 
Lemma 6.5. Let (f3j)i<j< m be a family of positive rational numbers such that 

Then there exists a map uj : Z^ —> Z> 0; k ^ = ( w i(^)i • • ■ > u m (k)), 
such that 
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1. w(0) = (<),..., 0); 

2. for every k G Z >0 , /or every i G {1, . . . , m}, Wj(fc) — cJi(fc — 1) G {0, 1}; 

3. for every k G Z >0 , there exists a unique Ofe G {1, . . . , m} such that 

u ak (k) =u> ak {k-l) + 1; 

4- for every i G {1, . . . ,m}, Wi(k) = (3ik + 0(l). 

k— >oo 

Proof. Let (5 be a common denominator for the that is to say a positive 
integer such that, for every j G {1, ...,m}, <5/3j is an integer. For every 
j 6 {1, . . . , m}, we set 

s i = S Z >0 . 

Then 

m 

H *j = 6 - 

i=i 

We define the (5-periodic sequence (ak)k£Z >0 whose first 6 terms are: 
lv— ^L, V^2, . . . , m, m . 

Si times S2 times s m times 

Conditions 1, 2 and 3 then define a unique sequence w which is given by: 

W ^ + J^S£ + l^j = ({j + l)si, • • • , (j + l)s c -i,is c + l,js c +i, ■ ■ ■ ,jSm), 

(6.H) 

for j G Z^o, c G {1, . . . , m} and Z G {1, . . . , s c } (if c = f , we consider the sum 
as empty). 

Let k G Z >0 and let j = [|J . Then fc — S < jS < k, and for every z G 
{!,..., to} we have: 



Ui{k) ^ {j + l)sj s$ 

Moreover, 





fe 




( 




+0 




5_ 



1 ftK ftfc + 



Hence, the sequence (cu(k))k satisfies Condition 4: for every i G {1, . . . , m}, 

Wi(fc) = ftfc + 0(l). □ 

From now on, we make the following hypothesis on the derivation speeds. 
Let (3i , . . . , /3 m be positive rational numbers whose sum equals 1 . We assume 
that the sequence u(k) which describes the derivation speeds is as in Lemma 6.5, 
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namely for every i £ {1, . . . , m}, the order of vanishing Ui(k) along Vi we impose 
to the elements of Ep satisfies 

Ui(k) = (Iik + 0{1). (6.12) 

k— too 

Then, for every i £ {1, . . . , to} the sequence (k — "'^ )kez >0 is bounded. Let 6 
be a non-negative integer which is an upper bound of these sequences. Then we 
can write, for every i £ {1, . . . , to} and every k £ Z^o, 

Ui(k) = pi(k-b) + n(k), (6.13) 

where (ri(k))k^z >0 i s a bounded sequence of non-negative integers. 

6.5 Estimation of the height of the evaluation morphisms 

Proposition 6.6. Let X be a positive real number such that 

Xp<l. (6.14) 

Then there exists a real number C > such that, for every non-negative 
integers k, D, every I £ {1, ... , d ak }, and every > a ak , 

h(<p k jj l ) < C(k + D) - [K : Q] (A - a^d a J ak ) klogk + [K : Q]Afclog£. 

In order to prove this proposition which gives a control of the height of the 
evaluation morphisms tp^ , we prove two lemmas. Lemma 6.7 gives an upper 
bound for the sum of heights of the evaluation morphism at all but finitely many 
places, unsing the hypothesis of a-arithmeticity of the formal subschemes. And 
Lemma 6.8 provides a better upper bound at some places of K, thanks to the 
uniformization of V. 

Lemma 6.7. For every finite set S of embeddings of K in C pa , for all 
integers k > 0, D ^ 1, for every I £ {1, . . . ,d ak }, for every > a ak , there 
exists a non-negative real number C such that 

h a {^ l )^a^[K :Q}n k \ogn k + C(k + D). 

Proof. For every place n of if, the height at v of the evaluation morphism (p 1 ^ 1 
defined (see (6.6)) by 



satisfies 
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since it is the restriction of the morphism ip nk ^. (4.4) to a smaller domain. 

Let a ak > a ak . Let k ^ and D > be two integers. Since V ak is 
a-arithmetic, for every embedding a of K ak in K the formal subscheme Kr(£ afc ) 
is a afc -arithmetic (see Definition 4.6), and hence 

Y, H K(^ l )^a^[K:Q]n k logn k + C(k + D). □ 

By definition, for every embedding a of K in C Po , the height of the map ip k D 
associated with a is h a (ip k p) — log \\<Pp ®if,cr C Po ||. 

Thanks to the uniformization, for every embedding a of K in C Po such that 
CT (£a fc ) = Ca fc we get a "good" inequality for h^^A), as stated in the following 
lemma. 

Lemma 6.8. Let X be a positive real number such that Xp < 1. 

There exists a non-negative real number C such that, for every k G Z^o? 
D G Z >0 and ever?/ Z G {1, . . . , d ak }, for every embedding a of K in C po such 
thato-(i l ak ) =£ ak , 

h a (<p k J)^C(k + D)-Xklog^. (6.15) 

Since the family of formal subschemes (Vi, . . . , V m ) admits a uniformization 
of order at most p > at p , there exists a projective, connected, smooth 
curve M over C Po , a finite subset T C M, a holomorphic map 

O:M\T^X(C P0 ), 

and distinct points w\, . . . , w m of M \ T such that @(wj) — £j and the germ of 
formal curve parameterized by at £j coincides with V, (c/. Definition 5.4). 
Since the uniformization is of order at most p, by Definition 5.1 there exist a 
non-zero section rj G T(M \ T, 0*(L -1 )) and a family (p T ) T of non-negative real 
numbers such that, if u T a local parameter of M at r G T, there exist positive 
real numbers Ai , such that 

\\r](z)\\ < Aie A2|tlT(z)r " T for all z sufficiently close to r, 

and X)r6T ^ P- By Lemma 5.1, we can assume that 77 does not vanish at the 
points Wi, . . . , w m . 

Lemma 6.9. Let M be a projective, smooth, connected algebraic curve over an 
algebraically closed field $ and let T, W C M(5) be finite disjoint subsets. For 
every r G T let p t be a positive real number. Assume that X^tgtAV < 1- ^ or 
every w G 14 7 , Zei (3 W > be such that J2wew Pw ~ ^- Then for every big enough 
integer a, there exists a rational function R a on M, regular on M \ W with a 
pole of order exactly equal to \a[3 w \ at w G W and a zero of order m T > \ap T ~\ 
at every r G T. 
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Proof. We consider the divisor with real coefficients A given by 

wEW t£T 

Its degree deg(A) = J2 w ew Pw ~ StgtMt is positive, by hypothesis. If D 
is a divisor on M, denote by h a (D) the dimension over # of the space of 
sections H°(M, &m{D)). If I? is a divisor with real coefficients, D = J] Ap[P], 
with \p G R for all P, we set \_D\ the divisor with integral coefficients 
D = J2 1^p\ [P] ■ Let Km be a canonical divisor on M and let 5 denote de 
genus of M. By the Ricmann-Roch theorem, for every positive integer a, we 
have : 

h° ( [aAJ ) - h° (K M - [aAJ ) = deg( La AJ ) + 1 - g, 
and, for every w £ W, 

h°([aA\ - N) - h°(K M - [aA\ +[w])= dcg(LaAJ) - g. 

When a goes to infinity, deg(|_aAJ) = adcg(A) + 0(1), and then deg([aAJ) ~ 
adeg(A) since dcg(A) > 0. Pick a big enough, so that deg([aAJ) ^ 2g. Then, 

h°(K M - [aA\) = h°(K M - [aA\ + [w}) = 0. 

Therefore, the ^-vector spaces H°(M, 0(\aA\ — [w])), for w G W, are hyper- 
planes of H°(M, ff(\aA\)). Since the field # is infinite, there exists 

R a G H°(M, tfflaAJ)) \ |J H°(M, 0([aA\ - [«,])), 

wEW 

which satisfies the conditions we were looking for. □ 

Proof of Lemma 6.8. To simplify the notation, in this proof we will not indicate 
by a subscript that the absolute values and norms we consider are those at the 
place pq. 

Let a be a positive integer, (/x r ) r6 T a family of positive real number whose 
sum is less than 1 and such that, for every r G T, 

Mr ^ Ap T . (6.16) 

This can be done because we assumed Xp < 1. If a is big enough, then by 
Lemma 6.9, there exist a rational function R a on M, regular on M \ W with 
a pole of exact order [a(3 ak J at w\ , . . . , w m and a zero of order m T > [a/x T ] at 
every t G T. 

Let D G Z^ an d let s G -Ed. Let / be the holomorphic function 6*(s)ry D 
on M \ T. Let k G Z >0 and I G { 1 , . . . , d a J be such that s G E k J . Then / 
vanishes with order at least uii(k) at Wi, for every i G {1, . . . , to}. The image of 
the section s by the evaluation morphism tp£ is 

= <%(e.^K))«-"'r,K)- D G Sym"*(fil o ) ® Lj^ , (6.17) 
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where 



c k = lim »S= lim M 



u ak being a local parameter of the curve M at w ak and n k = u ak (k), for every 
non-negative integer k. 

Setting C = max(|0*^(u; Ojb )| _1 , |»?(«; 0fc )|), we get 



Set 



\<P k 6\*)\<C* +D \c k \. 



v ak = an k - {k-b) [a/3 ak \ . 



(6.18) 



(6.19) 



This is a non-negative integer. It is indeed clearly the case if k < b, and if k > b 
we have: 



v ak = an k -(k- b)[a,p ak \ = ar ak (k) + (k - b)(a/3 ak - [a/3 ak \) ^ 0. 



Since 



we have 



Cfe = lim 



Cfe 



lim 



rR k a - b u-» a{k) (z) 



lim 

Z^W a , 



i -L«/3a fc J 



fc-b 



The function i? a has a pole of order exactly [a(3j\ at Wj. Setting C\ 
maxi^j^ m \\m. z ^ Wj \R a (z)~ 1 Uj(z)~^ a ^^ | a , we thus obtain 



\ck\<Cf- b ( lim 

\z^w ak 



f a R k - b u- k Va{k) 



(6.20) 



The function f a Rl~ b = (0* (s)r) D ) a R k a ~ b is holomorphic on M\T, by the hy- 
pothesis (6.13) made on the orders of vanishing of 0*(s) at the points wi, . . . ,w m . 
Let r be a positive real number. We apply to this function a maximum prin- 
ciple on the domain {|i? a (z)| ^ r a }. If the place po is the Archimedean one, 
it is the usual maximum principle of complex analysis. If po is a ultrametric 
place, it is provided by the following proposition, which is proved in [Bost and 
Chambert-Loir, 2009] prop B.ll. 

Proposition 6.10. Let$ be a complete ultrametric field, and let M be a smooth, 
connected projective curve on J. Let f G k(M) be a non-constant rational 
function, and let X be the Weierstrafi domain 

X = {xGM(k);\f(x)\ < 1}. 

Then, every affinoid function g on X is bounded. Moreover, there exists x 6 X 
such that 

\g{x)\ = sup | ff | et \f(x)\ = l. 

x 



39 



If r is small enough, then for every i S {1, . . . , to}, Wi E {\R a (z)\ ^ r a }. We 



get: 



lim 



(e*( s ) v D (z)) a R a (z) 



k-b 





max 




{\R a (z)\2r«} 




max 




{\R a (z)\=r°} 




r a(k - b) \\s\\ a a 



(Q*(s) V D (z)) a R a (z) k - b 
{Q*{ S )^ D {z)) a R a {z) k - b 



,Da 



l\R a \=r«} 



The section 77 is of order at most p T at r: by definition (see (5.1)), for any 
local parameter u T at r, there exist positive real numbers A\,A<± such that, for 
all z close enough to r, 

\Uz)\\^ A x ^ v {A 2 \u T {z)\-^) . 

The function i? a has a zero of order to t at t e T, so there exists a real 
number A 3 > such that for all z close enough to t, |-R a (z)| ^ A 3 \u T (z)\ mT . 
Hence, 

H^IK^exp (A 2 ^|i? a (z)r^). 
For r small enough, we thus obtain 



max ||j7(2!) II ^ maxii exp ( A±r a ^ ) , 

(z)|=r« r£T *V / 



where = ^2 max re y ■ 

Recall that m T ^ |~a/i T ] ^ ayU T . Therefore, for r ^ 1 and r e T, we have 

It follows that there exists r 6 ]0, 1[ such that, for all r less than ro, 
max |?7(2)|| < A\ exp ( Air - * ) . 

With this bound satisfied by the norm of the section 77, Inequality (6.21) 
becomes 



lim 

z— >w a[ 



(e*( S )^(z)) a J R a (z) fc - 6 < max (fiT^) 

|.Ra(«)|=r 



< r a(k-b) 



AfexpfaaDr-i) \\s\\ a a ^. (6.22) 



By Inequality (6.20), 



|c fe | a s$ C?*| max 
' 1 ze& ct 

0« oli (z)|<Bi 



ri^-;° (fe) (*) 



(6.23) 
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where we denote by ^ a neighborhood of w ak on which the local parameter u ak 
is holomorphic, and B\ is a non-negative real number. Applying the maximum 
principle to the holomorphic function f a R^~ b Ua k a ^ on the domain 



we get: 



max 

ze& ct 

\u a . (z)KBi 



f a R k a - b < k Mk) (z) 



max 

z£S> et 
KJz)l = Bi 



r^- 6 n-:»( fe )(^) 



= s 



max ri?r b (z) 

z£9 ot 



|«a fc («)|=Bl 



< Br" o(fc) (r (fc - 6) Af exp(^I>r-*) MU^, 



by Inequality (6.22). Hence we obtain the following upper bound for c/j, thanks 
to Inequality (6.23): 

-Vg(k) _ 1 

\ Ck \ s; cfsr^^" 6 ^? e AiDr A ll*IU,oo. 

This upper bound \ck\ enables us to obtain an upper bound for the norm of 
the image of s by the evaluation morphism ip 1 ^ 1 , according to Inequality (6.18): 



\^ l (s)\\^Ct D C^Br 



>(<0 



r k-b A D e A 4 Dr-* M ^ 



If a is an embedding of K in C, that is to say, if p is the Archimedean place, 
since the infinity norm of s is bounded from above by the associated John norm 
(see (2.2)), we get 

\\<Pd% < Cj +£, CfBr 5ttl r fc - 6 Afe^ £ ' r "*. 
Since v a (k) = 0(1), there exists a real number C2 > such that, for all r < r , 
K{^ l )=\og\\^ l \\ a ^C 2 {k + D) + k\ogr + A A Dr-T. 

Set 

r = min < rp , 



Afc 



AaD 



-A" 



log||^|| ff <C 2 (fc + £>)-Afclog 



Afc 



+ Afc 



<C 3 (fc + ^)-Afclog-, 



(6.24) 
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where C3 is a positive real number 

If r = 
inequality 



If r = r , that is to say if < 4r r o A > tncn tnc norm of tp k ^ satisfies the 



log||^KC (fc + £>), 

which holds at every place by definition of the condition of a-arithmeticity. Yet 
log £ -\ logr + log 4 1 , so for all C 4 > 0, 

C 4 (fc + D) - Xk log A > C 4 (fc + £>) + k (log r - A log ^ 

Z (C 4 +logr - Alog4 i )fc + C 4 ^. 

A 

Choose C 4 = max(Co, Co + Alog 4^ — logr ). Then, 

M¥#) < C (fc + D) < C 4 (fc + £>) - Afclog A 

Thus Inequality (6.24) still holds for small values of replacing C3 by C 4 . 
Finally, there exists a positive real number C such that for all non-negative 
integers k, D and every integer Z <E {1, . . . , d ak }, 

K(<p k J)^C(k + D)-Xklog^, 

and this concludes the proof of Lemma 6.8. □ 

Proof of Proposition 6.6. By Proposition 2.2, the height of the evaluation mor- 
phism is given by the following sum: 



%#)=E E m*#) 
E E m^d) 

1 p#p cr:K^C p 



( 



+ 



E m*#) 

V CrOCr i fc («a fc )=« a fc 

Let £7 be an embedding of if in C po . If 



E m*#) 

a:K^C PQ 



(6.25) 



CT ( CT a„(£aJ) = £a fe , 

we can apply Inequality (6.15) to the height /i CT ((yS^>') according to Lemma 6.8. 
The composed map a o a 1 is an embedding of K ak in if and is uniquely 
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determined by its image of £ afe . For fixed k and I, the number of embcddings a 
oiK in Cp satisfying Condition (6.25) is equal to the number of different ways 
of extending an embedding of <j l i^a k ) in C po to an embedding of K in C po , 



that is 



[K : a l ak (K ak )} = [K : K ak ] = 



[K:Q] 



Hence, denoting by d the degree of K over Q, 



h(ip k ji l ) C'{k + D) + a^dn k \ogn k + -jL(C(k + D) - A/clog-^) 

d ak U 

< C e (k + D) + a^dp ak k\ogk - -^-Xk\ogk + -^-XklogD, 

d ak d ak 



where C 6 = C H ^~r, because n k < k. Hence, 

mini d" ' K ^ ' 



C 6 (k + D)-[^p- da^Ja k ) fclogfc + -pfclogD. 



dX 



d a 



dX 



da k 



□ 



6.6 Proof of the main theorem 

To prove Theorem 6.1, we can assume n > 1. We will use the slopes inequality 
with the upper bounds for the height of the evaluation morphisms we proved in 
Paragraph 6.5. We recall the slopes inequality (6.10) 

OO d ak 

fc=0 1=1 

From the upper bound for the height of the evaluation morphism given by 
Proposition 6.6, one has 



k=0 1=1 



-CD n+1 ^^^vkiE^/E^Ceik + D) - da^(3 ak ) fclogfc 

dX , , 
+ — klogD 

d ak 



a k 



dX 



k=0 



^- -da ak (3 ak ) fclogfc 

a a k 



+ 



d a 



k\ogD 



(6.26) 



where Cg is a positive real number. 

First we prove some inequalities satisfied by the terms of the sequence rk(£^j). 
The Hilbert-Samuel theorem provides an estimation of the rank of Ejj, since 
the line bundle L is ample (see for instance [Bost, 2001] (4.19)) : 
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Lemma 6.11. When D goes to infinity, 

rk(E D )^-deg L (X)D n . (6.27) 
n\ 

Lemma 6.12. For all k e Z^ an d o-H D E Z >0 , 

Tk(E k D /E k D +1 )^d ak . (6.28) 
Proof. This inequality comes from the fact that the map 

: E k D /E k D +1 Sym"* ftk ® 

is injective, and that each K- vector space Sym™ fc ilk (S)LR l has dimension 1 . 

□ 

Lemma 6.13. For every non-negative integer N, 

rkE° D - rkE^ = ^ ik(E k D - rkE k D +1 ) dN, (6.29) 

0^k<N 

that is to say 

^2 i^E k D - rkF^ +1 ) = {rkE D ) N > vk(E%) - dN. (6.30) 

k^N 

Proof. For every non-negative integer N, 

(rkE k D -rkE k D +1 ) < ]T d ak from (6.28) 

^ max djiV, □ 

For every non- negative integer k, set ^4fe = j^- and _B fc = — d{a^j3 ak ). 
The slopes inequaliy (6.26) is then: 



We set 



J2ik(E^/E k D +1 ) \ - C 6 (k + D) + B k klogk - A k k\ogD\ ^CD n+1 . (6.31) 

A = A, (6.32) 



and 



B = X - max(a OJi /3 0fc <4J = A - max (ctj(3jdj). (6.33) 



We will now prove that Inequality (6.31) implies, when _D is big enough, 

(n-l)^s^n(A-S). 
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If B ^ 0, the conclusion holds (because A > 0). In all this proof, we assume 
< B. Then, for every non-negative integer k, Bk > 0. Let (3 > 0. We rewrite 
Inequality (6.31) cutting the sum in two parts, the terms of index k ^ on 
one side and the terms of index k > D 13 on the other side. Setting 

Sd(P)= ME k D /E k D +1 )( - C 6 (k + D) - A k klogD + Bkklogk^ 

and 

Sd(J3)= ]T rk(E k D /E k D +1 )(-C 6 (k + D)-A k klogD + B k klogk), 

k>D$ 

Inequality (6.31) becomes: 

S D (f3) + S' D (f3)^CD n+1 . (6.34) 
Lemma 6.14. Assume (3^1. Then, when D goes to infinity: 

\S D {[3)\=0{D^\ogD). 

Proof. 

\Sd{0)\< MED/E^iCsD + Csk + AkkXogD + Bkklogk) 

k^Dfi 

^ Y ME k D /E h D +1 )(c 6 D + D^C e + A k logD) + B k f3Df 3 \ogD) 
<C 7 D" log D J2 ME k D /E k D +1 ), 

since (3^1 and (Ah), (B k ) are bounded. Thus, according to (6.29), there 
exists C$ > such that 

\S D (/3)\ < C 8 D 2f3 \ogD. □ 

Lemma 6.15. Assume f3 e]^,n[. Then there exists a positive real number Cn 
such that, for D big enough, 

S' D (f3)^CuD n+ ^logD. 
Proof. We remark that since 4^ = — 77= — > = 37=^ — -, — 7 ^ 4 , then 

k 

for all non- negative integer k we have f3 > jjf-. 

Now, we give a lower bound for S' D (f3). If ^ then 

B fc log k - A k \ogD ^ (B k (3 - A k ) logD > C 9 log £>, 

where C9 = min/ c (.B/ c /3 — A&) which is positive by the remark. 
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S , D {P)> Y ME k D /E k D +1 )(-C e (k + D) + C 9 klogD)y 

k>Df> 

For D big enough, ~C e + C 9 \ogD ^ 0, and hence 

S' D (0)>(-C 6 D + DP(-C 6 + C 9 logD)) J2 ME k D /E k D +1 ) 

k>Df> 

>Ci D^IogD Y, ME h D /E k D +1 ), 

k>Df> 

for D big enough. 

Yet, J2 k >DP M e d/ e d +1 ) > rk£° - d([L>' 9 ] + 1) from (6.30). Since 
rki?^ ~ CD r thanks to the geometric Hilbert-Samuel theorem (Lemma 6.11) 
and since (3 < r, there exists a positive real number Cio such that, for all big 
enough D, 

Y ME k D /E k D +1 ) > C w D n . 

k>Df> 

Setting Cn — C9C10, we get the lower bound for S' D {(i) we wanted, that is: 
S' D (fi) >CnD n +^log£>. " □ 

To conclude that A < nS, by contradiction we pick f3 €]^,n[. Then, by 
Lemmas 6.14 and 6.15, 

S D (P) + S' D (fi) > -C 8 D 2 ^ log D + CnD n+ ^ log£>. 

Since 2/3 < n + /3, there exists C12 > such that, for all D big enough, 

SdG8) + S' D (p) > C 12 D n+ P log D. 

This inequality contradicts Inequality (6.34) 

S D (p) + S' D (p)^CD n+1 , 

because /3 > ^ > 1. Therefore, 

Hence we have 

(n — I) A < n(A — B), 
that is to say, by definition of A and B, 

Ti 

A < max (aJdjPj). (6.35) 

71—1 l$j^m 

We recall that the parameter A is a real number which satisfies A > and 
Xp < 1. If p = 0, then we can chose A as big as we want, and the previous 
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inequality provides a contradiction. Hence p ^ 0, and letting A go to | from 
below in Inequality (6.35), one gets: 

1 < -I—p max (aJdjPj). (6.36) 

It remains to make an optimal choice for the rational parameters fij. We 
assume that a] is rational and bigger than aj , for every j e {1, . . . , to}. We want 
to minimize the maxi<j< TO aJdjPj, for (3j > and ^ (3j = 1. This minimum is 

at least equal to (^i)"^ 

i = Pi = PiOLidi^—- < uiaxFT ;,'/, . 

OLi&i J OLi&i 

i 

Setting 

& = =rfe=r) . ( 6 - 37 ) 
V "..• ,/ ' / 

we have, for every j S {1, . . . , m}, Txjdjfij = ■ With this choice, 

Inequality (6.36) hence becomes X^Li gFj" ^ rT^I* - Letting cEJ go to ctj from 
above with a] rational in the previous inequality, we get 



Y — 



< —TP, (6-38) 



and this concludes the proof of the main Theorem 6.1. 

Remark. To prove Theorem 6.1, we had to differentiate with different speeds 
at the different points: at each point, we differentiated with a speed inversely 
proportional to its degree. If we had differentiated with the same speed at each 
point, that is to say if we had taken all the f3j equal to ^, we would have 
obtained, from (6.36), the following weaker inequality: 

r 

to ^ p max ctjdj. 

r - 1 lsSi^m 
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